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In a previous paper (see [7] ) we considered the family of multi-argument functions 
called multidistances, introduced in some recent papers (see [1]-[6]) by J.Martin and 
G.Mayor , which extend to n-dimensional ordered lists of elements the usual concept 
of distance between a couple of points in a metric space. In particular Martin and 
Mayor investigated three classes of multidistances, that is Fermat, sum-based and 
OWA- based multidistances. In this note we introduce a new family of multidistance 
functions, which are a generalization of the sum-based multidistances and we call 
them arithmetic- geometric multidistances. 
 























In some recent papers (see  [1] –[6] ) J.Martin and G.Mayor (M. and M. in the sequel) 
proposed a formal definition of a multi-argument function distance.  
In their papers, the formal definition of a distance function is extended to apply to 
collections of more than two elements. The measure proposed by the authors applies 
to n-dimensional ordered lists of elements. The authors give the definition of (weak) 
multidistance and strong multidistance and present significant examples of 
multidistance functions: in particular Fermat multidistances, sum-based 
multidistances and OWA-based multidistances. 
In this note we introduce a new family of multidistance functions , which are a 





2. NOTATIONS AND DEFINITIONS 
 
 
We recall briefly the formal definition of multidistance functions. (see, for example, 
[7], for further details). Given a set X , let  X
 
 be the collection of all n-dimensional 
lists of elements of  X  with  1,2,... n = In other words, we call  X
 






= ∪ . 
The definition of multidistance function over the set  X  is the following: 
 
DEFINITION OF MULTIDISTANCE 
 
A function  [ ] : 0, D X ® ¥
    
 is a multidistance on a set  X  if the following properties 
hold, for all n and for all  1,..., , : n x x y X Î  
 
( ) ( )
( ) ( ) ( ) ( ) ( )
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2 ,..., ,..., 1,...,




m D x x if and onlyif x x forall i j n
m D x x D x x forany permutation on n









 Note that if D is a multidistance on a set  X , then the restriction of D to 
2 X  is an 
ordinary distance function on  X . 
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In [2] M. and M. , starting from an ordinary distance function, introduce several kinds 
of multidistance functions. In particular, they consider Fermat, sum-based and OWA-
based multidistances. In this note we focus our attention on the so-called sum-based 
multidistances. 
 
DEFINITION OF SUM-BASED MULTIDISTANCE 
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i j
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In [4] M. and M. proved that Dl  is a multidistance if and only if: 
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3. ARITHMETIC-GEOMETRIC MULTIDISTANCES 
 
 
Now we introduce a new family of multidistance functions and we call them 
arithmetic-geometric multidistances. The definition is as follows. Consider an 
ordinary distance function d  on  X  and define a function  [ ) : 0,
AG D X l ® ¥
 
 in the 



















n i j i j
i j i j
D x
n n
D x x n d x x n d x x








      
 = + -      
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REMARK 1 
 
Note that   ( ) ( ) ( ) 1 1 0
2 2 2
n n n
n n n l l
 
- = - - ³      
 




Note that   ( ) ( ) ( ) ( ) ( ) ( ) 1 2 1 2 1 2 1 2 , , 1 , ,
AG D x x n d x x n d x x d x x l l l = + - =      
That is, the restriction of 
AG Dl  on 
2 X  is simply d . 
 









It is easy to verify that conditions ( ) 1 m  and ( ) 2 m  are satisfied. Then we have to prove 
condition ( ) 3 m , that is 
 
( ) ( ) ( ) 1 1 ,..., , ... ,
AG AG AG
n n D x x D x y D x y y X l l l £ + + " Î  
 
We start from  the arithmetic-geometric inequality  
  







i j i j i j
i j i j i j
d x x d x x d x x
n n n < < <
 
£ =  
-    
 
 
∑ ∑ Õ  
 
On the other hand, we can observe that  
   
( ) ( ) ( ) ( ) ( )
1
, , , 1 ,
n
i j i j i
i j i j i
d x x d x y d x y n d x y
< < =
  £ + = -   ∑ ∑ ∑    that is         








d x x d x y
n < =
£
- ∑ ∑ . Thanks to this inequality then we get 
 













  ∑ Õ    
 
   5 
By using again the same inequality we can write 
 
( ) ( ) ( ) ( ) ( ) ( )
( )( ) ( ) ( ) ( )
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D x x n d x x n d x x
n n
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     
= + - £      
    
   
£ - + - =    
   
= - + - - =    
∑ Õ
∑ ∑
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D x x d x y l
=
£∑  , that is 
( ) ( ) ( ) 1 1 ,..., , ... ,
AG AG AG
n n D x x D x y D x y y X l l l £ + + " Î . And the proof is complete. □ 
 
Last thing, we can easily establish a simple relationship between ordinary sum-based 
multidistances Dl  and our arithmetic-geometric multidistances 
AG Dl . 
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 and then  
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, we have obviously 
AG D D l l £ . 
In general, thanks to the arithmetic-geometric inequality , we can write 
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To sum up, we can conclude that 
 
( ) ( ) ( ) ( ) 1 1 1 1 ,..., ,..., ,..., ,...,
AG AG
n n n n D x x D x x D x x D x x l l l l
* * £ £ = . 
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6. CONCLUSIONS 
 
We consider a special class of multi-argument functions, called multidistances, 
introduced in some recent papers (see [1] –[6] ) by J.Martin and G.Mayor , which 
extend to n-dimensional ordered lists of elements the usual concept of distance 
between a couple of points in a metric space. They considered several kinds of 
multidistances and in particular the family of the so-called sum-based multidistances. 
In this note we introduce a new family of multidistance functions , which are a 








[1] Martin,J. and Mayor,G.(2009) 
“Aggregating pairwise distance values” Proceedings of the EUROFUSE 
2009, Pamplona , Spain , pp.147-152 
 
[2] Martin,J. and Mayor,G.(2009) 
“An axiomathical approach to T-multi-indistinguishabilities”, Proceedings 
of the IFSA-EUSFLAT 2009, Lisbon,Portugal, pp.1723-1728 
 
[3] Martin,J. and Mayor,G.(2009) 
“How separated Palma, Inca and Manacor are?” ,Proceedings of the 
International Workshop on Aggregation Operators, AGOP 2009,Palma, 
Spain , pp.195-200 
 
[4] Martin,J. and Mayor,G.(2010) 
 “Regular Multidistances” , XV Congreso Espagnol sobre Tecnologìas y 
Logica Fuzzy, ESTYLF 2010,Huelva, pp.297-301 
 
[5] Martin,J. and Mayor,G.(2010) 
“Some Properties of Multi-argument Distances and Fermat Multidistance” 
IPMU 2010, pp.703-711 
 
[6] Martin,J. and Mayor,G.(2011) 
“Multi-argument distances” ,  
Fuzzy Sets and Systems, n.167, pp.92-100   7 
 
[7] Molinari,F. (2011)  
“Multi-argument distances and regular sum-based multidistances” 
DISA Working Paper 2011/4, Department of Computer and Management 
Sciences, University of Trento 
 
 D
I
S
A
 
W
O
R
K
I
N
G
 
P
A
P
E
R
DISA
Dipartimento di Informatica
e Studi Aziendali
2
0
1
1
/
7
About arithmetic-geometric
multidistances
Franco Molinari